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Abstract
The notion of a competition graph was introduced by J. E. Cohen in 1968.
The competition graph C(D) of a digraph D is a (simple undirected) graph
which has the same vertex set as D and has an edge between two distinct
vertices x and y if and only if there exists a vertex v in D such that (x, v)
and (y, v) are arcs of D. For any graph G, G together with sufficiently many
new isolated vertices is the competition graph of some acyclic digraph. In
1978, F. S. Roberts defined the competition number k(G) of a graph G as the
minimum number of such isolated vertices. In general, it is hard to compute
the competition number k(G) for a graph G and it has been one of important
research problems in the study of competition graphs to characterize a graph
by computing its competition number.
It is well known that there exist 5 kinds of regular polyhedra in the three
dimensional Euclidean space: a tetrahedron, a hexahedron, an octahedron, a
dodecahedron, and an icosahedron. We regard a polyhedron as a graph. The
competition numbers of a tetrahedron, a hexahedron, an octahedron, and a
dodecahedron are easily computed by using known results on competition
numbers. In this paper, we focus on an icosahedron and give the exact value
of the competition number of an icosahedron.
Keywords: competition graph; competition number; edge clique cover; regular
polyhedra; icosahedron
1
1. Introduction
Throughout this paper, all graphs G are simple and undirected. The notion of a
competition graph was introduced by J. E. Cohen [2] in connection with a problem
in ecology (see also [3]). The competition graph C(D) of a digraph D is a graph
which has the same vertex set as D and has an edge between two distinct vertices
x and y if and only if there exists a vertex v inD such that (x, v) and (y, v) are arcs
of D. For any graph G, G together with sufficiently many isolated vertices is the
competition graph of an acyclic digraph. From this observation, F. S. Roberts [11]
defined the competition number k(G) of a graph G to be the minimum number k
such that G together with k isolated vertices is the competition graph of an acyclic
digraph:
k(G) := min{k ∈ Z≥0 | G ∪ Ik = C(D) for some acyclic digraph D}, (1.1)
where Ik denotes a set of k isolated vertices.
For a digraph D, an ordering v1, v2, . . . , vn of the vertices of D is called an
acyclic ordering of D if (vi, vj) ∈ A(D) implies i < j. It is well known that a
digraph D is acyclic if and only if there exists an acyclic ordering of D.
A subset S ⊆ V (G) of the vertex set of a graph G is called a clique of G if the
subgraph G[S] of G induced by S is a complete graph. For a clique S of a graph
G and an edge e of G, we say e is covered by S if both of the endpoints of e are
contained in S. An edge clique cover of a graph G is a family of cliques such that
each edge of G is covered by some clique in the family (see [12] for applications
of edge clique covers). The edge clique cover number θE(G) of a graph G is the
minimum size of an edge clique cover of G. A vertex clique cover of a graph G is
a family of cliques such that each vertex of G is contained in some clique in the
family. The vertex clique cover number θV (G) of a graph G is the minimum size
of a vertex clique cover of G.
R. D. Dutton and R. C. Brigham [4] characterized the competition graph of an
acyclic digraph in terms of an edge clique cover. (F. S. Roberts and J. E. Steif [13]
characterized the competition graphs of loopless digraphs. J. R. Lundgren and J.
S. Maybee [9] gave a characterization of graphs whose competition number is at
most m.)
However, R. J. Opsut [10] showed that the problem of determining whether
a graph is the competition graph of an acyclic digraph or not is NP-complete.
Therefore it follows that the computation of the competition number of a graph is
an NP-hard problem, and thus it does not seem to be easy in general to compute
k(G) for an arbitrary graphG (see [5], [6], [7] for graphs whose competition num-
bers are known). It has been one of important research problems in the study of
competition graphs to characterize a graph by computing its competition number.
F. S. Roberts showed the following:
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Theorem 1.1 (Roberts [11]). If G is a chordal graph without isolated vertices,
then k(G) = 1.
Theorem 1.2 (Roberts [11]). IfG is a connected triangle-free graph with |V (G)| >
1, then
k(G) = |E(G)| − |V (G)| + 2. (1.2)
From the above theorems, we can compute the competition numbers of many
kinds of graphs: for example, the competition number of a complete bipartite
graph Kn,n is equal to n2 − 2n+ 2. S. -R. Kim and Y. Sano gave a formula for
the competition numbers of complete tripartite graphs Kn,n,n, which we cannot
obtain by the above theorems.
Theorem 1.3 (Kim and Sano [8]). For n ≥ 2,
k(Kn,n,n) = n
2 − 3n+ 4. (1.3)
R. J. Opsut gave the following two lower bounds for the competition number
of a graph.
Theorem 1.4 (Opsut [10], Proposition 5). For any graph G,
k(G) ≥ θE(G) − |V (G)|+ 2. (1.4)
Theorem 1.5 (Opsut [10], Proposition 7). For any graph G,
k(G) ≥ min{θV (NG(v)) | v ∈ V (G)}, (1.5)
where NG(v) := {u ∈ V (G) | uv ∈ E(G)} is the open neighborhood of a vertex
v in the graph G.
Recently, Y. Sano gave a generalization of the above two lower bounds as
follows:
Let G be a graph and F ⊆ E(G) be a subset of the edge set of G. An edge
clique cover of F in G is a family of cliques of G such that each edge in F is
covered by some clique in the family. We define the edge clique cover number
θE(F ;G) of F ⊆ E(G) in G as the minimum size of an edge clique cover of F
in G:
θE(F ;G) := min{|S| | S is an edge clique cover of F in G}. (1.6)
Note that the edge clique cover number θE(E(G);G) of E(G) in a graph G is
equal to the edge clique cover number θE(G) of the graph G.
Let U ⊆ V (G) be a subset of the vertex set of a graph G. We define
NG[U ] := {v ∈ V (G) | v is adjacent to a vertex in U} ∪ U, (1.7)
EG[U ] := {e ∈ E(G) | e has an endpoint in U}. (1.8)
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We denote by the same symbol NG[U ] the subgraph of G induced by NG[U ].
Note that EG[U ] is contained in the edge set of the subgraph NG[U ]. We denote
by
(
V
m
)
the set of all m-subsets of a set V .
Theorem 1.6 (Sano [14]). Let G = (V,E) be a graph. Let m be an integer such
that 1 ≤ m ≤ |V |. Then
k(G) ≥ min
U∈(Vm)
θE(EG[U ];NG[U ])−m+ 1. (1.9)
In this paper, we compute the competition numbers of regular polyhedra. One
of our motivation of this paper is coming from the following: G. Chen et al.
mentioned that “the icosahedron – a claw-free graph – has competition number
at least three.” in Conclusion of their paper [1] with referring Theorem 1.5. But
they didn’t give the exact value of the competition number of an icosahedron. So
we compute it! This paper gives the exact value of the competition number of an
icosahedron.
2. Regular Polyhedra
It is well known that there are 5 regular polyhedra (or Platonic solids) in the three
dimensional Euclidean space: a tetrahedron T, a hexahedronH, an octahedron O,
a dodecahedron D, and an icosahedron I. We regard these polyhedra as graphs
(see Figure 1). In this subsection, we give the exact values of the competition
numbers of these 5 regular polyhedra.
The competition numbers of a tetrahedron, a hexahedron, an octahedron, and
a dodecahedron are easily computed by using known results on competition num-
bers as follows:
Theorem 2.1. Let T be a tetrahedron. Then k(T) = 1.
Proof. Since T ∼= K4 is a chordal graph without isolated vertices, we have
k(T) = 1 by Theorem 1.1.
Theorem 2.2. Let H be a hexahedron. Then k(H) = 6.
Proof. Since H is a triangle-free connected graph with |V (H)| > 1, we have
k(H) = 12− 8 + 2 = 6 by Theorem 1.2.
Theorem 2.3. Let O be an octahedron. Then k(O) = 2.
Proof. Since O ∼= K2,2,2 is a complete tripartite graph, we have k(O) = 22 − 3 ·
2 + 4 = 2 by Theorem 1.3.
Theorem 2.4. Let D be a dodecahedron. Then k(D) = 12.
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Tetrahedron
Hexahedron Octahedron
Dodecahedron Icosahedron
Figure 1: The 5 regular polyhedra (Platonic solids)
Proof. Since D is a triangle-free connected graph with |V (D)|, we have k(D) =
30− 20 + 2 = 12 by Theorem 1.2.
Now, we focus on an icosahedron. The competition number of an icosahedron
is given as follows:
Theorem 2.5. Let I be an icosahedron. Then k(I) = 4.
A proof of Theorem 2.5 will be given in the next section.
3. Proof of Theorem 2.5
In this section, we give a proof of Theorem 2.5.
First, we show the lower bound part of the proof.
Lemma 3.1. k(I) ≥ 4.
Proof. By Theorem 1.6 with m = 3, we have
k(I) ≥ min
U∈(V (I)3 )
θE(EI[U ];NI[U ])− 2.
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(iv) i[U] = I3
(i)  i[U] = K3 (ii) i[U] = P3
(iii) i[U] = P2 U I1 (iii) i[U] = P2 U I1
Figure 2: The set EI[U ] of edges in the subgraph NI[U ]
There are the following 4 cases for the subgraph I[U ] of an icosahedron I induced
by U ∈
(
V (I)
3
) (see Figure 2):
(i) If I[U ] is a triangle K3, then θE(EI[U ];NI[U ]) = 6.
(ii) If I[U ] is a path P3 with 3 vertices, then θE(EI[U ];NI[U ]) = 6.
(iii) If I[U ] = K2 ∪ I1, then θE(EI[U ];NI[U ]) = 7.
(iv) If I[U ] = I3, then θE(EI[U ];NI[U ]) = 9.
Thus it holds that min
U∈(V (I)3 )
θE(EI[U ];NI[U ]) = 6. Hence we have k(I) ≥
4.
The edge clique cover number of an icosahedron is given as follows:
Proposition 3.2. θE(I) = 12.
Proof. Let F = {S1, . . . , Sr} be an edge clique cover of I with the minimum size
r := θE(I). For any vertex v ∈ V (I), we have
|{Si ∈ F | v ∈ Si}| ≥ 3 (3.1)
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Figure 3: An edge clique cover of an icosahedron I
since θV (NI(v)) = θV (C5) = 3. Let
N := |{(v, Si) ∈ V (I) ×F | v ∈ Si}|.
Since |V (I)| = 12 and (3.1), we have N ≥ 12× 3. Since the maximum size of a
clique of I is 3, we have N ≤ 3× r. Therefore it holds that r ≥ 12.
Second, we show the upper bound part of the proof.
Lemma 3.3. k(I) ≤ 4.
Proof. Let
V (I) := {v1, v2, v3, v4, v5, v6, v7, v8, v9, vx, vy , vz}.
and suppose that the adjacencies between two vertices are given as Figure 3. Let
S1 := {v1, v2, v3}, S2 := {v1, v2, v4}, S3 := {v2, v5, v6}, S4 := {v5, v6, v7},
S5 := {v4, v6, v8}, S6 := {v4, v8, vy}, S7 := {v7, v8, v9}, S8 := {v7, v9, vx},
S9 := {v9, vy, vz}, S10 := {v1, vy, vz}, S11 := {v3, vx, vz}, S12 := {v3, v5, vx}.
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Then the family {S1, S2, . . . , S12} is an edge clique cover of an icosahedron I
(see Figure 3).
Now, we define a digraph D by the following:
V (D) := V (I) ∪ {a, b, c, d},
S1 = {v1, v2, v3} → a, S2 = {v1, v2, v4} → v3,
S3 = {v2, v5, v6} → v1, S4 = {v5, v6, v7} → v2,
S5 = {v4, v6, v8} → v5, S6 = {v4, v8, vy} → v6,
S7 = {v7, v8, v9} → v4, S8 = {v7, v9, vx} → v8,
S9 = {v9, vy, vz} → v7, S10 = {v1, vy, vz} → b,
S11 = {v3, vx, vz} → c, S12 = {v3, v5, vx} → d,
where a, b, c, d are new vertices, and “S → v” means that we make an arc from
each vertex in S to the vertex v. Then the digraph D is acyclic and C(D) =
I ∪ {a, b, c, d}. Hence we have k(I) ≤ 4.
Now, we complete the proof of Theorem 2.5.
Proof of Theorem 2.5. It follows from Lemmas 3.1 and 3.3.
4. Closing Remark
In this paper, we gave the exact values of the competition numbers of regular
polyhedra, especially gave the competition number of an icosahedron. It would
be interesting to compute the competition numbers of some triangulations of a
sphere.
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